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In this paper we develop a Fourier pseudospectral method with a restrain operator for the
Korteweg—de Vries equation. We prove the generalized stability of the schemes and give con-
vergence estimations depending on the smoothness of the solution of the PD.E. © 1986
Academic Press, Inc.

Recent publications in spectral methods for nonlinear partial differential
equations provide a new potent solution technique (sec [1-9]). In many of the
relevant papers, pseudospectral methods are used, because they are more efficient
than spectral methods (see [10-157). But sometimes pseudospectral methods have
a nonlinear instability which causes an anomalous increase of energy, or weakens
the nonlinearity of the solution. In order to eliminate these phenomena, filtering or
smoothing techniques are used (see [16-187).

In this paper a restrain operator R is used to develop a semi-discrete or fully dis-
crete Fourier pseudospectral method for the Korteweg-de Vries (K.d.V.) equation.
Generalized stability and convergence estimates depending on the smoothness of
the solution of the P.D.E. are proved.

I. THE SCHEMES

Consider the K.d.V. equation with periodic boundary condition:

dutuu,+u,, =0, —w<x<w, 01T,
u(x+1,t1)=u(x, 1), —wo<x<oo, 0T, (1.1)
u(x, 0) = ug(x), — 0 < X < 0.
Let xelI=(0, 1), L*(I) with the inner product (->-) and the norm |-||. For any

positive integer n, the semi-norm and the norm of H"(I) are denoted by ||, and
I -1l.» respectively. Let C () be the set of infinitely differentiable functions with
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period 1, defined on R. HY,,(I) is the closure of C(5,() in H"({). For any real ¢ >0,
define HY, (1) by co_mplex inte.rpo!ation between H[7}(J) and H[7}* (1) where [o]
denotes the largest integer which is smaller than . We have

(
He, (D)= jue L(])

S (14 k) |04 < o0, Ulx) = Ul + 1>}

where U, = (U, e2%¥),

Let 4 be a Banach space. C(0, T; 4) is a set of strongly continuous functions
from [0, T] to 4 and L*(0, T; 4) is a set of strongly measurable functions u(z) from
{0, T) to A4 satisfying

T 172
H”HLZ(o,T:AF(L Hu(t)l!idt) < 0.

Other similar notations have the usual meanings.
For any positive integer N, set

vy =span{e”™™**| |k| <N}
and let 0, be a subspace of vy of real-valued functions.

Let i=1/(2N + 1) be the mesh size in variable x and x;= ji (j=0, 1,..., 2N). The
discrete inner product and norm are defined by

(wo)y=h ), wx)o(x),  luly= ()}

Let Py: L(I) — vy be the orthogonal projection operator, i.c.,
(pNu> (P):(u’ (»D)a VQDEUNa (12)
and p.: C(I) - vy be the interpolation operator such that

poulx;) =u(x;), 0<7<2N. (1.3}
For any u, ve C(I), we can prove [16]
(, V)y=(pctt, pcv)y=(pcti, pcv). (1L.4)

Approximation to (1.1) by Fourier pseudospectral methods directly needs the
estimation

[(aate, winl = (p ), pew) S Cllullyy = Cllull®,  Vuevy, (15)

where C is a constant depending only on w in v, in order to get the stability and
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convergence in L?-norm. But (1.5) may not be true. As an example, we consider the
functions

2mix

e 2m'x),

w=1-—-2sin2zx=1+i(e

u= Z ak€2mkx’
[kl <N

and obtain from (1.4)

(uuxa W)N: (pN(uux)9 W) + ((pC— pN)(uux)a W)'
Since
H(paluee), w)l = |(uit, W)l = 31 w ) < Clw | 1 ul)®

and

I((pC-—pN)(uux)’ W)l =

( z Z 27‘cila,ak,, €2nikx, W>‘

lklsN =N
[k—1>N

= fzni{NaNagl-N(_‘:l—')Jr (=N)a_ya;; yi}l

=2nN|a3, + a* ,l,

(1.5) can not be true. Obviously the trouble is only due to the higher frequencies.
So we use the operator R= R(y) defined below to improve the scheme.

Guo Ben-yu [7, 8] pointed out that a better result can be obtained in solving
numerically P.D.E. by using the generalized Fourier method (see [19]). Let y>1
and

U= Z ak82m’kx’

lkf<N

||\ ;
Ru— 1— (__) ) B kax. (16)
u Iké}\/( N )

In order to approximate the nonlinear term wuu, reasonably we define the
operator J:vy X vy — Uy as

we define R= R(y) by

JC(”? U) = %pC(uxRU) + %(pC(uRU))x'

If u, v, and wed,, then we have from (1.4)

(JAu, v), w)+ (Jo(w, v), u)=0. (L.7)
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The semi-discrete pseudospectral method for the problem (1.1} is to find u. in oy
such that

Suct+Jeltic, ue)+ e =0, — 0 <x< o0, >0,

u{x, 0y = poug(x), — 00 < X< 0.

By (1.7), the solution of (1.8) for all 7> 0 satisfies

luc() = lluc(0)].

Let 1 be the mesh size in variable #. Denote 1*(x) = u(x, k1) by u*. Define

1
u/’(:_(ukﬂ_uk)
T

and

lull, = max ||,
k

The fully discrete pseudospectral method for problem (1.1) is to find u* in ¢,
such that

ub 4+ Joub + 6, tuk,, ub)+uf |+ 0,tuk =0, ~0<x<w, k=0, i
ul=peuy, —o0<xX< . (19)
Ifé,=0,=1, then
il =llul],  Vk=0.

II. THE MAIN THEORETICAL RESULTS
First consider the generalized stability of scheme (1.8) (the definition can be
found in [207). If u~ and the right term in (1.8) have errors & and f €6y, respec-
tively, then
az‘l’Nl—‘f_JC(ﬁa uC‘+ﬁ)+JC(uC‘9 i’z)+?’7rx\:7 {Zi)

THEOREM 1. If ¢>0, then there exists a positive constant C depending on
et cll fogo, 7 iz vsy Sch that for any t < T,

o <e {1ao) + [ 1700012 as)

Next consider the convergence of (1.8).
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THEOREM 2. Ify=02>3 and ue C(0, T; HY,\(I)), then there exists a positive con-
stant C depending on |u| p«(o, 1. yoy Stich that for any t < T,

luc(t) —u(t)l <CN'~°.

Now consider the generalized stability of (1.9). Suppose that #* and the right
term have, respectively, the error ii* and 7* €4, then

05+ T (05 + 6, Tad®, uk + T%) + T (b + 6y tuk,, @*) + i+ 0,1, =5 (2.2)

Let
n—1
p"=NE17+7 Y 174
k=0
and
n—1
E"=a@"|* +ao® ), laf]?
k=0

THEOREM 3. If §,=0,>14, tiN*<d< o0, and >0, then there exisis a positive
constant C depending on ||uclls . such that for all nt<T,

E" < Cpnecnr.

THEOREM 4. If 6,> 1, TN’ <d< oo, and £ >0, then there exist positive constants
C and b depending on ||ucllsy . such that when p'7""1< 6 and nt< T,

En< Cpne('nf.
THEOREM 5. If ue C'(0, T; HL, ()N C(0, T; HY,(I)) (y2>06>3) and O,ue H'

(0, T; L*(1)), then there exists a positive constant C depending on u such that for any
nt<T,

(iy if 6,=0,>4% and tN*<d< o, then
lur —u"| < C{t+ N'"°};
(i) if 6,>4, tN*<d< 0, and v+ N'~° suitably small, then

luz — ' < C{z+N'"7).

TII. NUMERICAL RESULTS

ExampLE 1. Consider the Korteweg—de Vries equation

G+ (1+0) @, +(4%2) 9, =0,



THE FOURIER PSEUDOSPECTRAL METHOD 125

which has the solitary wave

o(x, 1) = uy+ asech?[(a/bi)* (x —ct)], (3.1

L2
ot
-

where
c=1+4+uy+a/3

Schamel and Elsdsser [10] computed the above problem using both the spectral
method (SM) and the pseudospectral method (PSM). The time integration used a
stable fourth-order integration procedure. In Fig. 1, the solution with A= 102
a=10.2, and

uy = —24(ba)"? tanh[{a/24)"?/:]

(so that [} @(x, 1) dx=0 for all times) is shown at r=1.25 corresponding to 1000
time steps. Initially the soliton was centered at x= —0.5 (which corresponds to
x = 0.5 because of periodicity). The SM solution agrees with the analytical solution
@ (full curve), but the PSM solution ¢, (dashed curve) has a large error due to the
aliasing interaction.

By letting u=1+ ¢, we run the example using scheme (1.9) with 6, =4, =1 and
y = 5. The solution ¢, is shown in Fig. 1 (dotted curve). The error agrees with the
convergence estimation in Section II (see Table I). Four time iterations per time
step are required for the nonlinear term.

Exampii 2. Consider the problem

0,u+ Puu, + e, =0, 0<x<2,0<1<T,

u(x,0)=3Csech?*(dx+ D), 0<x<2

.
[9%)
[\

—

The solution of (3.2) is

u(x, t)=3C sech’(Ax — Bt + D),

FiG. 1. The Korteweg—de Vries soliton at 7= 1.25, ¢ is the solitary wave (3.1). ¢, is computed with
PSM in [107 (dashed line, 4= 1/32). ¢, is computed with (1.9) (dotted line, /= 1/16).
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TABLE 1

The L%-Error and L*-Error of Scheme (1.9) at Time 7,
1=0.00125, h=1/16

T L%error L>®-error
0.25 0.1970x 102 0.5728 x 102
0.50 0.3298 x 102 1.2137 x 102
0.75 0.4469 x 102 13146 x 102
1.00 0.5596 x 102 1.8146 x 102
1.25 0.6754 x 102 1.9735x 102

where
A=3(pCle)'?,  B=3BC(BCle)"™.
For parameter values
C=023, D= —6, p=1, e=4.84x10"%

the calculation is carried out for xe [0, 2].

The L*-error of both the Hopscotch difference scheme (see [227]) and the
scheme (1.9) with y=10 and 8,=45,=0.6 are shown in Tables II and IIl: The
scheme (1.9) gives better results than the Hopscotch scheme.

IV. SoME LEMMAS

In order to prove the theorems in Section II, we need the following lemmas, the
constants in which are independent of N and the function u and may be different in
different cases.

Lemma 1 [16]. If O<p<o and ue Hy,(1), then

Ipyu—ul, <CN*"“lul,, (4.1)
Ipnulls < Clull,, (4.2)
TABLE 1I

The Maximum Errors at Time T, t=0.025, h=1/16

T Hopscotch scheme Scheme (1.9)
0.25 0.1533 0.0343
0.50 0.2044 0.0458
0.75 02717 0.0627

1.00 0.2969 0.0797
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TABLE III
The Maximum Errors at Time 7, t=0.0005, h=1/32

T Hopscotch scheme Scheme (1.9)

0.25 2231 x 1072 0.5997 x 103

0.50 3.764 x 102 1228 x 103

0.75 5.003 x 102 1.873 x 1073

1.00 6.723 x 102 2637 x 1073

and if ¢ >4, then

Ipou—ul, <CN*~7lul,, (4.3)
Ipoulis < Clull,. (4.4)

Lemma 2 (Inverse Inequality) [16]. IfO<u<o and ucvy, then

lulle < CN° ™" Jlul] . (4.5)

Lemma 3. If ue H'(I), then

full 1= < Clull 2 ] 2. {4.6)

LEMMA 4. For any O<u<o <y, if ucvy, then

[ Ru—ull, < CN*~ 7 Juj,, (4.7)
and if ue HY,(1), then
[ Rpyu—ull,<CN*~7ul,. (4.8)
Proof. Let
U= Z akeZMch,
k<N
then

|Ru—ul2<C ¥ (1+J2ﬂklz“)<lk|)y!ak12

|kl < N N

<2C z |27k| % | 27k| % |2rk| ~ % |a,)?
lkl< N

SCNYM=2 5 2mk|*" |a, )

ki< N

= CN26= |2,

Proof of (4.8) follows from (4.7) and Lemma 1.

581/65/1-9
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Now let
u= Z akeZm‘kx
k| <N
and
D= Z bkEZm'kx.
k| <N
Assume
Qg ron+1= A brvonve1 =bg

and define the circle convolution

Usp= 2 Z albkilezmkx.

|kl <N |l N
It is easy to show that uxv=10v * u.

LEMMA 5. Ifu,vevy and wedy, then
pluv)=uxv,
(u*w,v)=(u, w=0)
Proof. 1t is sufficient to prove
wwo(x)=ux)vlx), O<j<2N.
Since

U * U(xj) — Z aIQZnilx, Z bk B [€2ni(k —Dx;

<N el N
= > ae”u(x;)=u(x;) v(x,),
< w

(4.11) follows. Then from (4.11) and (1.4),
(uxw,v)=(puw), p.v)=(uw, v)y
= (u, wo) = (1, w* v).
LEMMA 6. For any £>0, if u,vevy and we H{3 (1), then

](ux * RU’ W) + (u * va’ W)l g Csy HWH 3/2+F,HUH “bus

l(ux * Ru’ W)— (u * Rux: W)l < Csy l!w‘.3/2+elluﬂ 2a

where R= R(y) (y = 1) is defined by (1.6).

(4.10)

(4.11)
(4.12)

(4.13)
(4.14)
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Proof. Assume that a;, and b, are the coefficients of u and v respectively such
that they have been extended as {4.9). Let

€K
W= Z Ck elmkx

k=~

then

Paw= Z Ck €Zm‘kx~

el < N

For any k| < N and |[} <N, define
Fog=k—1+2N+1, if k—I< —N,
=k—1 if k—l <N,

=k—1—(Q2N+1), if k—I>N.
Cleatly r _, ,= —r,,. Since

(s, % Rv, w)=(u, * Ro, pyw)

. -~ ]Z ’y
= 2mi Z Cy z (iv—l-ﬁl>bxrk,zak4b

k<N <N
and
{us Rv,, w)=(ux Rv,, pyw)
_ [1]7
:Zﬂ'l Z Ck Z (1““—“ )lb[ak_[,
<N l4=wN N
then
I =(u,* Ro,w)+(ux Ro,,w)
. = 17
= 2ni Z C Z (1*r“]\7i )([“Fr.u) ba,
k| N [« N
=2ni ), (A+1k)Ce Y, fisbiae (4.15)
ikl <N <N
where
l 7
fra= (11 ) ey
Let

{
= (1=l 4 ra a0,
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then
el <vlged,  YIkl, 1| <N.

In order to estimate | g, ,| for the three following cases, only the case of 0 < /<N
is considered because g_, ;= —g; -

Case 1. |k—1 <N, then
(1 l>l1+k |
N

<L
I+ [k]

‘gk,l| =

Case 2. k—I< —Nand so 0<N—I[< —k=|k|, then

(N—=DQ2N+1+k) _[k|2N+1—[k])

< <2
N(1 4+ k) (1+ k)N

lgk,1| =

Case 3. k—1> N. This is contrary to />0 and need not be considered.
Therefore

fed <viged <2y, VIk,II<N,
and from (4.15)

|1, < 4my Z (14 |&DIC Z |6 lag -l

k| <N <N

1/2 1/2
<dny Y, (1+|k1)|Ckl{ 2. |b1|2} {Z Iak1|2}

ki< N =N <N

=4myflull ol 3 (LKD) (14 k)22 |C,

el <N

12 12
<dmy|lul nvu{ ¥ <1+|k|)“+2€>} {z (1+|kt)2<3/“6>|ck|2}

k| < N k| <N

SCeylwllisp e lull ol (4.16)
which completes the proof of (4.13).
On the other hand, since

(uy * Ru, w) = (u, * Ru, pyw)

—omi Y G Y 1(1—

[kl <N <N

7
a,ay_y,

Vi,
N
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and
(4 * Ruy, w)=(ux* Ru,, pyw)
=2mi Y Cp ) l(l—t 1>a1ak~/,
k| <N <N
then
L= (u, % Ru, w)— (u * Ru, w)
3.0 50
=2mi —| == laa, .
k| < N k]l|<N N| N et
=2mi Z (14 k|) C, z Sres@ax
k<N <N
where
rk,[ /
= 1+ k).
f=t([5] = [2) -+ e
Let
=11 ) (14 1K)
gk,l— N N / ]
then
|fk,[l <V|gk,1{a Vikl, || <M.

In order to estimate |g, | for the three following cases, only the case of 0 < /<N
is considered because g_, ;= — g

Case 1. 0<I<k, then

rkl
£ 1.

el

Case 2, k<I<N+kandsoO</—k=N, then

N-(U-ml__ 0k _,
N(L+ k) N(+1kD)

| &k =

Case 3. I>N+k,sok—I<Nand 0SN-—I< —k=|k|, then
H-QN+1+k-0D] [2AN—-D+1— k]|
| gt < =
1+ |k 1+ &

< {1+2(N*l)’ [k W><2.
1+ k| 1+ 1k))
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Therefore
| frd <718l <2y, VIk|, [ <N.
Similarly using (4.16)

L] < Coylwl 3/2+e“”\|2,

which completes the proof of (4.14).
The next result follows immediately from (4.13) and (4.14).

LemMa 7. If £>0 and we H3 (1), then

(% Ru, W S CylIwllsp i ollull?,  Vuewy. (4.17)

V. THE PrROOFs OF THE THEOREM

We now prove the theorems in Section I
By (4.11), rewrite

Jo(u, vy=3u, * Ru+i(u=* Rv),.

Proof of Theorem 1. By taking the inner product of (2.1) with 24 and using
1.7

3, 11tll* + 2(J c(uc, 1), &) = 2(F, #).
Let £¢>0. Since
I(ucx * Rﬁ’ ;l)‘ = |(uchﬁs ﬁ)NI

S lltexll v 1Ry 1y < e llttellaga e 21

and
|((u * Rit), &) = |(u. * R, i2,)]
= |(#, * Rit, u )| < coylluclsn .l
then
(e, @), i) < ey lucll sy e 0112 (5.1)
Therefore

ONAON? < eop Nttell zooio, o pasrsy 1A + 1 T (D1,

and the conclusion of Theorem 1 follows.
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Proof of Theorem 2. Let w=pyu and é=u,—w and using (1.1) and (1.8)
produces

0e+J.(e,w+é)+J.(w,é)+é .=/ (5.2)

where
f=4{pauu, +(?),) = p(w, Rw) — (p(WRW)), }.

From Lemma 1 and Lemma 4

Ipau) —uu ]| SN Jued ;o <eN'flu2,
lusc—w Rw| < [lus, —uw J{ + W u—w, Rw|
<l gl — pyuly + 11wl e 1 — Rp vl
<e(full,) N' 7,

and
lweRw— p(w Rw)| <c'N'" 7w, Rwl,_ <eN'~ 7 Jul,
so
I py(un) = po(w. Rw)l < e(flufl ;) N~
Similarly
lpwu® —u?| < eN=7ul?,
[u? —wull < N7 llull 1» [l ,,
[wu —wRw| < cN™7 |wl 1 |ul,,
IwRw — p (wRw)|| <eN~7||ul;.
Since
1P su?) = (p(wRW)). | = | pyut® = p(wRW)],
SeN|pyu® — pwRw)| <c(lluf,) N' 7,
1A < el oo, 7:000)) N {5.3)
Also
180 < [ perto — uoll + llug — patioll < N ™7 [ug] {(5.4)

Finally, apply Theorem | to Eq. (5.2) and use Lemma ! and the triangle
inequality to complete the proof.
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Proof of Theorem 3. Taking the inner product of (2.2) with 24* and mrii*
(m > 0), respectively, produces

(¥ )2 — T @) ? + 20, o(J (i, ul + i), &%)
+ 2(J (uk + 8, Tk, @), i) + 26, T(G~ ., #F)
=2(f*, "), (5.5)
and
mt |[i¥)|? + mr(J (i35, uk + 3%), %)
+ mr(J (uf + 8wk, @5, #5) + mT(it,, @)
=mr(f*, k). (5.6)
Let &, > 0. Combining (5.5) with (5.6) gives
N7+ o(m — L —e) 5> + i F;
=1
SN2 + (1 4+ wm?fde,) (| 741, (5.7)
where
Fi=2(J (k4 6,k %), %),
Fy=mru(J (u* + 6, tuk,, °), a
Fy=1(m—28 W(J (0", uk + @), u")
F,=1(m—28,)(@i*, t*

xx)c *

Estimating [F)| using an argument similar to (5.1) produces

Il < e llulsp a2,

|Fl < ey tf]1” + ey P mPee(lluclly) N? )1,

\Fal < e 12517 + e o(m =28 ) N2e(llully) {13 + N k)¢ ),
|Fal ey l7F]* + &7 ' o(m ~26,)7 N° (@))%,

Substituting the above estimation into (5.7) results in

107 + (m — 1 —de) 1) ? < clllucllsp ) {(1+ e mPeN?) &) ?
+er (m—28)7 TN + N )
+ey H(m =28, TNC @2+ I FP) (58)
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By choosing m > 1 properly and ¢, suitably small such that

m—1—4g,=0,>0

and summing the formula (5.8) for all 0 <k <n—1, we get

n—1

n--1
"2+ agt® 3, Jafl> < a1 + e(llulisng )t 3 {(1+ N | )
k=0 k=0

+(m—20,)? TN (@t * + N k| ®)
+(m—28,)7 oNC @+ (1 717 (59)

Take m=26,=26,> 1. From (5.9)

n—1

E'<c(lludllsnes)ip"+7 Y ES)
k=

Q

and the conclusion of Theorem 3 follows.
The following lemma is required to establish the generalized stability of (1.9} with
6, <4

LemMma 8 [217]. If the following conditions hold,

(i) E* is a nonnegative function and M, C, and p are nonnegative consiants,
(i) for any nt<T, if MaXgcie,_ | EX < M, then

E'"<p+et nil E*,
k=0
(ifi) E°<p<Me 7,
then for any nt < T,
E< e

Proof of Theorem 4. Take m=28,> 1 and let M be a positive constant. Assume
maxg ., <, 1) <M, then from (5.9)

5 1
En<c(|iuc|’3/z+e,M)'{p”%-r 5 Ek}.
k=0

The conclusion follows from Lemma 9.

Proof of Theorem 5. Let w*= p,u* and & =u* —w*. From (1.1) and (1.9)

B+ J &K+ 5 185, wE+ &) + J(WE + 8 Twk, ) 4 (85, + 0,788, =f%  (5.10)
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where

FE=0,w 4 8,7 8, Wk — Wk + pa(uFul) + S,tp n(uFuk), — T (W + &, Twh, w¥).

To estimate |/*|, let ¢, = kt, and intergrating by parts,

1 o+
du—ut = —— [ (1 — 5) G2ulx, 5) s,
T I )
and
n—1 n—1
T ) loow  —whl?=1 Z lpa (8, u* —up)|
k=0
c’"*l 7o) 2 DS 5 N
<T X e —stras [ et ds
< ct? |07 ullZa0, 7212
Similarly
n—1 n—1
T Z (0,7 6er|I=T z |]527PN(az“k)zH2
k=0 k=0
<c't 2 f" dsr 102 u(s)|1? ds
<ct? 107 ull 7200, 7,12)-
From (5.3)

| p (k1) — T (W, W < cllull oo, rypmy} N7

It is easy to show that

102 7p w1 u?) Il < c(l|uell oo, 7. 1)) T
and
Hél‘r‘]c(w;{a wk)” < C( “u” wl*m(O,T;H’)) T,

whence

{ nil Pl }/2<C{T+N1*"}-

Also from (5.4)

18°1 < eN~7Juol -
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Finally, apply Theorem 3 or Theorem 4 to (5.10) and get the conclusions of
Theorem 5 from Lemma 1 and the triangle inequality.
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